
INVESTICE DO ROZVOJE VZDĚLÁVÁŃI

Tato prezentace je spolufinancována Evropským sociálńım fondem a státńım rozpočtem České republiky.
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Tato prezentace je poněkud upravená oproti té, která byla
použita p̌ri seminá̌ri. Sama o sobě je asi nesrozumitelná. Má
pouze účastńıkům seminá̌re p̌ripomenout prob́ıraná témata.
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■ 1973 – John Maynard Smith & George Price
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■ 1973 – John Maynard Smith & George Price
■ 1978 – Peter D. Taylor & Leo Jonker
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replikátorových
rovnic
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■ 1973 – John Maynard Smith & George Price
■ 1978 – Peter D. Taylor & Leo Jonker
■ 1981 – Peter Schuster & Karl Sigmund
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rovnice

Maticové a
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p = mx′,

F = mx′′
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Hamiltonovský
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p = mx′,

F = mx′′

Jednoduchá úprava:

x′ =
1

m
p

F = mx′′ = m (x′)′ = m
( p

m

)

′

= mp′
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systém

Modely populaćı
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p = mx′,

F = mx′′

Jednoduchá úprava:

x′ =
1

m
p

F = mx′′ = m (x′)′ = m
( p

m

)

′

= mp′

Tedy

x′ =
1

m
p

p′ =
1

m
F (x)
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homogenńı pole

Gradientńı systém
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Vlastnosti
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x′ =
1

m
p

p′ =
1

m
F (x)

Obecně:
x′ = f(y)
y′ = g(x)
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bimaticové hry
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x′ =
1

m
p

p′ =
1

m
F

Fázový prostor systému je otev̌rená množina U ⊆ R
3 × R

3.

U je varieta v prostoru R
3 × R

3. Tečný prostor T(x,p)(U)
k varietě U v libovolném bodě (x,p) je celý prostor R

3 ×R
3.
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model dravec-kořist
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replikátorových
rovnic
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Označme V (x,p) =
1

m
pTx
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x′ =
1

m
p

p′ =
1

m
F

Označme V (x,p) =
1

m
pTx

Derivace funkce V v bodě (x,p) ∈ U ve směru
(ξ,π) ∈ T(x,p)(U):

D(x,p)V (ξ,π) =
(

x′,p′
)T
(

E O
O E

)(

ξ

π

)
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Vlastnosti
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8 / 45

x′ =
1

m
p

p′ =
1

m
F
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x′ = f(x)

Fázový prostor Ω.
Existuje funkce V : Ω → R a v každém bodě x ∈ Ω existuje
pozitivně definitńı matice G(x) (metrický tenzor) takové, že
pro každý vektor ξ ∈ Tx(Ω) plat́ı

DxV (ξ) = ξT∇V (x) =
(

x′
)T

G(x)ξ = 〈x′, ξ〉x.

Funkce V se nazývá potenciál.



INVESTICE DO ROZVOJE VZDĚLÁVÁŃI

Newtonovy zákony – pole centrálńı śıly

Úvod

Teoretické pozad́ı
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x′ =
1

m
p

p′ =
1

m
F (x)

Centrálńı śıla
F (x) =

cm

||x||3
x
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x′ =
1

m
p

p′ =
1

m
F (x)

Centrálńı śıla
F (x) =

cm

||x||3
x

Systém má tedy tvar

x′ =
1

m
p

p′ =
1

m

cm

||x||3
x =

c

||x||3
x
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konflikty
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Rozš́ı̌reńı
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x′ =
1

m
p

p′ =
c

||x||3
x

Kinetická energie:
1

2
m||x′||2 =

1

2m
||p||2

Potenciálńı energie:
cm

||x||
x

Hamiltonián (celková energie):

H(x,p) =
1

2m
||p||2 +

cm

||x||3
x
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Gradientńı systém
Newtonovy zákony –
pole centrálńı śıly
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x′ =
1

m
p

p′ =
c

||x||3
x

Hamiltonián: H(x,p) =
1

2m
||p||2 +

cm

||x||3
x

Plat́ı:

∇xH(x, p) =
∂H

∂x
= −

cm

||x||3
x = −p

∇pH(x, p) =
∂H

∂p
=

1

m
p = x
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Gradientńı systém
Newtonovy zákony –
pole centrálńı śıly
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x′ =
1

m
p

p′ =
c

||x||3
x

Hamiltonián: H(x,p) =
1

2m
||p||2 +

cm

||x||3
x

Takže

x′ =
∂H

∂p

p′ =−
∂H

∂x
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x′ =
1

m
p

p′ =
c

||x||3
x

Hamiltonián: H(x,p) =
1

2m
||p||2 +

cm

||x||3
x

nebo vektorově

(

x

p

)

′

=

(

O E
−E O

)

(

∇xH(x,p)

∇pH(x,p)

)

.
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x′ =
1

m
p

p′ =
c

||x||3
x

Hamiltonián: H(x,p) =
1

2m
||p||2 +

cm

||x||3
x

nebo vektorově

(

x

p

)

′

=

(

O E
−E O

)

(

∇xH(x,p)

∇pH(x,p)

)

.

Dále plat́ı:
∂

∂t
H(x,p) =

∂H

∂x
x′ +

∂H

∂p
p′ = 0



INVESTICE DO ROZVOJE VZDĚLÁVÁŃI
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systém

Modely populaćı
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rovnice

Maticové a
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Rozš́ı̌reńı
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x′ = J(x)∇H(x) p̌ritom J(x) = −J(x)T
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systém

Modely populaćı
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x′ = J(x)∇H(x) p̌ritom J(x) = −J(x)T

Plat́ı:

∂

∂t
H(x) =

(

∇H(x)
)T

x′ =
(

∇H(x)
)T

J(x)∇H(x) = 0
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Úvod

Teoretické pozad́ı
Newtonovy zákony
pohybu

Bipartitńı systém
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x′ = J(x)∇H(x) p̌ritom J(x) = −J(x)T

Plat́ı:

∂

∂t
H(x) =

(

∇H(x)
)T

x′ =
(

∇H(x)
)T

J(x)∇H(x) = 0

Platón:
”
Nejprve jest podle mého ḿıněńı stanoviti tuto

rozluku: co jest to, co stále jest, ale vzniku nemá
(Hamiltonián), a co jest to, co stále vzniká, ale nikdy neńı
jsoućı (stavové proměnné).“
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x = x(t) . . . velikost populace v čase t
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Teoretické pozad́ı
Newtonovy zákony
pohybu

Bipartitńı systém
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12 / 45

x = x(t) . . . velikost populace v čase t

■ Malthus: x′ = rx
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Bipartitńı systém
Newtonovy zákony –
homogenńı pole
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model dravec-kořist
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x = x(t) . . . velikost populace v čase t

■ Malthus: x′ = rx ⇒ exponenciálńı r̊ust
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x = x(t) . . . velikost populace v čase t

■ Malthus: x′ = rx ⇒ exponenciálńı r̊ust
■ Modifikace: x′ = x

(

r − f(x)
)



INVESTICE DO ROZVOJE VZDĚLÁVÁŃI
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x = x(t) . . . velikost populace v čase t

■ Malthus: x′ = rx ⇒ exponenciálńı r̊ust
■ Modifikace: x′ = x

(

r − f(x)
)

Modely společenstev:

xi = xi(t) . . . velikost i-té populace ze společenstva v čase t.
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Teoretické pozad́ı
Newtonovy zákony
pohybu

Bipartitńı systém
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Př́ıklad: klasický
model dravec-kořist

Replikátorová
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x = x(t) . . . velikost populace v čase t

■ Malthus: x′ = rx ⇒ exponenciálńı r̊ust
■ Modifikace: x′ = x

(

r − f(x)
)

Modely společenstev:

xi = xi(t) . . . velikost i-té populace ze společenstva v čase t.

■ Kolmogorov: x′

i = xi

(

ri − fi(x)
)

, i = 1, 2, . . . , n
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Modely populaćı
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Replikátorová
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bimaticové hry
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x = x(t) . . . velikost populace v čase t

■ Malthus: x′ = rx ⇒ exponenciálńı r̊ust
■ Modifikace: x′ = x

(

r − f(x)
)

Modely společenstev:

xi = xi(t) . . . velikost i-té populace ze společenstva v čase t.

■ Kolmogorov: x′

i = xi

(

ri − fi(x)
)

, i = 1, 2, . . . , n
■ Lotka a Volterra: nejjednodušš́ı volba – všechny funkce

fi jsou lineárńı.
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Modely populaćı
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x = x(t) . . . velikost populace v čase t

■ Malthus: x′ = rx ⇒ exponenciálńı r̊ust
■ Modifikace: x′ = x

(

r − f(x)
)

Modely společenstev:

xi = xi(t) . . . velikost i-té populace ze společenstva v čase t.

■ Kolmogorov: x′

i = xi

(

ri − fi(x)
)

, i = 1, 2, . . . , n
■ Lotka a Volterra: nejjednodušš́ı volba – všechny funkce

fi jsou lineárńı.

fi(x) = fi(x1, x2, . . . , xn) =
n
∑

j=1

bijxj = (Bx)i
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■ Malthus: x′ = rx ⇒ exponenciálńı r̊ust
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r − f(x)
)
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■ Kolmogorov: x′

i = xi

(

ri − fi(x)
)
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■ Lotka a Volterra: nejjednodušš́ı volba – všechny funkce
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Modely populaćı
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x = x(t) . . . velikost populace v čase t

■ Malthus: x′ = rx ⇒ exponenciálńı r̊ust
■ Modifikace: x′ = x

(

r − f(x)
)

Modely společenstev:

xi = xi(t) . . . velikost i-té populace ze společenstva v čase t.

■ Kolmogorov: x′

i = xi

(

ri − fi(x)
)

, i = 1, 2, . . . , n
■ Lotka a Volterra: nejjednodušš́ı volba – všechny funkce

fi jsou lineárńı.

fi(x) = fi(x1, x2, . . . , xn) =
n
∑

j=1

bijxj = (Bx)i

x′ = x ◦ (r − Bx)
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Replikátorová
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x′ = x(r − by),
y′ = y(−s + cx).
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bimaticové hry
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konflikty
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x′ = x(r − by),
y′ = y(−s + cx).

Transformace ξ = ln x, η = ln y.

ξ′ = r − beη,

η′ =−s + ceξ.
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x′ = x(r − by),
y′ = y(−s + cx).

Transformace ξ = ln x, η = ln y.

ξ′ = r − beη,

η′ =−s + ceξ.

Bipartitńı systém
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Bipartitńı systém
Newtonovy zákony –
homogenńı pole
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Hamiltonovský
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x′ = x(r − by),
y′ = y(−s + cx).

H(x, y) = cx + by − lnxsyr

∂
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H(x, y) = c −

s

x

∂

∂y
H(x, y) = b −

r

y

(

x

y
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′
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−xy
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0 −xy
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Hamiltonovský
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model dravec-kořist
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Hamiltonovský systém
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Některé klasické
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Rozš́ı̌reńı
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Přež́ıvaj́ı a množ́ı se nejzdatněǰśı.
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Změna zastoupeńı jednoho typu organismů je úměrná rozd́ılu
jeho zdatnosti od zdatnosti celkové.
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Replikátorová
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Př́ıklad: n = 2

Maticové a
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Vlastnosti
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Změna zastoupeńı jednoho typu organismů je úměrná rozd́ılu
jeho zdatnosti od zdatnosti celkové.

■ xi = xi(t) . . . relativńı zastoupeńı i-tého typu
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Alternativńı př́ıstupy
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Změna zastoupeńı jednoho typu organismů je úměrná rozd́ılu
jeho zdatnosti od zdatnosti celkové.

■ xi = xi(t) . . . relativńı zastoupeńı i-tého typu
n
∑

i=1

xi = 1
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Replikátorová
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Př́ıklad: n = 2

Maticové a
bimaticové hry
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Některé klasické
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Změna zastoupeńı jednoho typu organismů je úměrná rozd́ılu
jeho zdatnosti od zdatnosti celkové.

■ xi = xi(t) . . . relativńı zastoupeńı i-tého typu
n
∑

i=1

xi = 1

■ fi . . . zdatnost (fitness) i-tého typu
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Replikátorová
rovnice
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Změna zastoupeńı jednoho typu organismů je úměrná rozd́ılu
jeho zdatnosti od zdatnosti celkové.

■ xi = xi(t) . . . relativńı zastoupeńı i-tého typu
n
∑

i=1

xi = 1

■ fi . . . zdatnost (fitness) i-tého typu

■ f̄ pr̊uměrná zdatnost
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Změna zastoupeńı jednoho typu organismů je úměrná rozd́ılu
jeho zdatnosti od zdatnosti celkové.

■ xi = xi(t) . . . relativńı zastoupeńı i-tého typu
n
∑

i=1

xi = 1

■ fi . . . zdatnost (fitness) i-tého typu

■ f̄ pr̊uměrná zdatnost, f̄ =
n
∑

i=1

xifi



INVESTICE DO ROZVOJE VZDĚLÁVÁŃI
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Teoretické pozad́ı

Replikátorová
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Změna zastoupeńı jednoho typu organismů je úměrná rozd́ılu
jeho zdatnosti od zdatnosti celkové.

■ xi = xi(t) . . . relativńı zastoupeńı i-tého typu
n
∑

i=1

xi = 1

■ fi . . . zdatnost (fitness) i-tého typu

■ f̄ pr̊uměrná zdatnost, f̄ =
n
∑

i=1

xifi

■ f = f(x), f̄ = f̄(x).
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Odvozeńı rovnice
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Teoretické pozad́ı

Replikátorová
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Změna zastoupeńı jednoho typu organismů je úměrná rozd́ılu
jeho zdatnosti od zdatnosti celkové.

■ xi = xi(t) . . . relativńı zastoupeńı i-tého typu
n
∑

i=1

xi = 1

■ fi . . . zdatnost (fitness) i-tého typu

■ f̄ pr̊uměrná zdatnost, f̄ =
n
∑

i=1

xifi

■ f = f(x), f̄ = f̄(x).

časová změna xi ∼ fi(x) −
n
∑

j=1

xjfj(x), i = 1, 2, . . . , n
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Replikátorová
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Základńı vlastnosti
rovnice
Rovnice s lineárńımi
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zdatnostmi
Ekvivalence
replikátorové a
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Některé klasické
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časová změna xi ∼ fi(x) −
n
∑

j=1

xjfj(x), i = 1, 2, . . . , n
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časová změna xi ∼ fi(x) −
n
∑

j=1

xjfj(x), i = 1, 2, . . . , n

x′

i

x
= c

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n
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Př́ıklad: n = 2

Maticové a
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konflikty
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časová změna xi ∼ fi(x) −
n
∑

j=1

xjfj(x), i = 1, 2, . . . , n

x′

i = cxi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n
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Replikátorová
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časová změna xi ∼ fi(x) −
n
∑

j=1

xjfj(x), i = 1, 2, . . . , n

x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n
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Odvozeńı rovnice
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konflikty
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x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n

x′ = x ◦
(

E − x1
T)f (x)
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Odvozeńı rovnice
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Vlastnosti
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x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n
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x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n

n-rozměrný simplex, jeho vniťrek a hranice

Sn =
{

x ∈ R̄
n
+ : 1

Tx = 1
}

S◦

n =
{

x ∈ R
n
+ : 1Tx = 1

}

∂Sn = Sn r S◦

n
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replikátorových
rovnic
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x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n

■ x(0) ∈ Sn ⇒ x(t) ∈ Sn pro každé t ≥ 0
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Teoretické pozad́ı

Replikátorová
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Odvozeńı rovnice
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x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n

■ x(0) ∈ Sn ⇒ x(t) ∈ Sn pro každé t ≥ 0
■ x(0) ∈ ∂Sn ⇒ x(t) ∈ ∂Sn pro každé t ≥ 0
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Úvod

Teoretické pozad́ı
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zdatnostmi
Ekvivalence
replikátorové a
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x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n

■ x(0) ∈ Sn ⇒ x(t) ∈ Sn pro každé t ≥ 0
■ x(0) ∈ ∂Sn ⇒ x(t) ∈ ∂Sn pro každé t ≥ 0
■ x(0) ∈ S◦

n ⇒ x(t) ∈ S◦

n pro každé t ≥ 0
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x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n

■ x(0) ∈ Sn ⇒ x(t) ∈ Sn pro každé t ≥ 0
■ x(0) ∈ ∂Sn ⇒ x(t) ∈ ∂Sn pro každé t ≥ 0
■ x(0) ∈ S◦

n ⇒ x(t) ∈ S◦

n pro každé t ≥ 0
■ Necht’ Ψ : Sn → R je spojitá funkce. Položme

gi = fi + Ψ pro každé i ∈ {1, 2, . . . , n}. Pak x je
řešeńım rovnice právě tehdy, když je současně řešeńım
rovnice

x′

i = xi

(

gi(x) −
n
∑

j=1

xjgj(x)

)

, i = 1, 2, . . . , n.
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x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n

Věta: Necht’ existuje bod x̂ ∈ Sn a jeho okoĺı U tak, že

n
∑

i=1

x̂ifi(x) > f̄(x) pro všechny x ∈ Sn ∩ (U r {x̂}) .

Pak x̂ je asymptoticky stabilńı stacionárńı bod rovnice.
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Rozš́ı̌reńı
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x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n

Věta: Necht’ existuje bod x̂ ∈ Sn a jeho okoĺı U tak, že

n
∑

i=1

x̂ifi(x) > f̄(x) pro všechny x ∈ Sn ∩ (U r {x̂}) .

Pak x̂ je asymptoticky stabilńı stacionárńı bod rovnice.

x̂ . . . evolučně stabilńı stav.
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Odvozeńı rovnice
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Lotkových-
Volterrových
rovnic
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x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n
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Odvozeńı rovnice
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bimaticové hry
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x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n

fi(x1, x2, . . . , xn) =
n
∑

k=1

aikxk
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Základńı vlastnosti
rovnice
Rovnice s lineárńımi
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x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n

fi(x1, x2, . . . , xn) =
n
∑

k=1

aikxk

x′

i = xi

(

n
∑

k=1

aikxk −
n
∑

j=1

n
∑

k=1

xjajkxk

)

, i = 1, 2, . . . , n
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Replikátorová
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x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n

fi(x1, x2, . . . , xn) =
n
∑

k=1

aikxk

x′

i = xi

(

n
∑

k=1

aikxk −
n
∑

j=1

n
∑

k=1

xjajkxk

)

, i = 1, 2, . . . , n

x′

i = xi

(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n
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x′

i = xi

(
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∑

k=1

aikxk −
n
∑

j=1

n
∑
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xjajkxk

)

, i = 1, 2, . . . , n

x′

i = xi

(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n

x′

i = xi(ei − x)TAx, i = 1, 2, . . . , n
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Rovnice s lineárńımi zdatnostmi
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Replikátorová
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x′

i = xi

(

fi(x) −
n
∑

j=1

xjfj(x)

)

, i = 1, 2, . . . , n

fi(x1, x2, . . . , xn) =
n
∑

k=1

aikxk

x′

i = xi

(

n
∑

k=1

aikxk −
n
∑

j=1

n
∑

k=1

xjajkxk

)

, i = 1, 2, . . . , n

x′

i = xi

(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n

x′

i = xi(ei − x)TAx, i = 1, 2, . . . , n

x′ = x ◦
(

(E − x1
T)Ax

)
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x′

i = xi

(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n
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replikátorových
rovnic
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18 / 45

x′

i = xi

(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n

■ Sn, ∂Sn, S◦

n jsou pozitivně invariantńı množiny rovnice
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Úvod

Teoretické pozad́ı

Replikátorová
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Vlastnosti
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x′

i = xi

(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n

■ Sn, ∂Sn, S◦

n jsou pozitivně invariantńı množiny rovnice
■ Řešeńı rovnice se nezměńı, pokud k matici A p̌ričteme

nějakou diagonálńı matici, nebo k nějakému sloupci
matice A p̌ričteme konstantńı vektor, nebo k nějakému
řádku matice A p̌ričteme konstantńı vektor.
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19 / 45

x′

i = xi

(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n
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Teoretické pozad́ı

Replikátorová
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konflikty

Rozš́ı̌reńı

Alternativńı př́ıstupy
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x′

i = xi

(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n

Položme bij = anj − aij , ri = ain − ann pro
i, j = 1, 2, . . . , n − 1. Transformace nezávisle proměnné
(času) i neznámých funkćı daná rovnostmi

τ =
t
∫

0

xn(s)ds, yj =
xj

xn

, j = 1, 2, . . . , n − 1

p̌revád́ı trajektorie replikátorové rovnice zač́ınaj́ıćı ve vniťrku
simplexu S◦

n na trajektorie Lotkova-Volterrova systému

dyj

dτ
= yj

(

rj −
n−1
∑

k=1

bjkyk

)

, j = 1, 2, . . . , n − 1

zač́ınaj́ıćı uvniťr pozitivńıho orthantu R
n−1
+ .
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A =

(

a11 a12

a21 a22

)
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A =

(

a11 a12

a21 a22

)

Př́ıslušná Lotkova-Volterrova rovnice je

dy

dτ
= y
(

a12 − a22 − (a21 − a11)y
)
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A =

(

a11 a12

a21 a22

)

Př́ıslušná Lotkova-Volterrova rovnice je

dy

dτ
= y
(

a12 − a22 − (a21 − a11)y
)

Řešeńı s počátečńı podḿınkou y(0) = y0 > 0

y(τ) =
(a12 − a22)y0

(a21 − a11)y0 +
(

a12 − a22 − (a21 − a11)y0

)

e(a22−a12)τ
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Symetrická hra
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Konečná hra dvou hráč̊u v normálńım tvaru:
uspǒrádaná čtvěrice G = (X,Y, u, v), kde X, Y jsou
konečné množiny a u, v jsou funkce X × Y → R.

Množiny X, Y . . . množiny strategíı prvńıho a druhého hráče.

Funkce u, v. . . výplatńı funkce prvńıho a druhého hráče.



INVESTICE DO ROZVOJE VZDĚLÁVÁŃI
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bimaticové hry
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X = {1, 2, . . . , n} Y = {1, 2, . . . ,m}

aij = u(i, j) bji = v(i, j)

A =











a11 a12 . . . a1m

a21 a22 . . . a2m

...
...

. . .
...

an1 an2 . . . anm











, B =











b11 b12 . . . b1n

b21 b22 . . . b2n

...
...

. . .
...

bm1 bm2 . . . bmn











.

Při tomto označeńı je

u(i, j) = aij = eT
i Aej, v(i, j) = bji = eT

j Bei.

Matice A, B . . . výplatńı matice.
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G = (X,Y, u, v) = (A,B)

Hru lze zapisovat ve tvaru

hráč 2

1 2 . . . m

1
b11

a11

b21

a12
. . .

bm1

a1m

h
rá

č
1 2

b12

a21

b22

a22
. . .

bm2

a2m

...
...

...
. . .

...

n
b1n

an1

b2n

an2
. . .

bmn

anm
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22 / 45

Pravděpodobnostńı rozš́ı̌reńı bimaticové hry
G = (X,Y, u, v):

uspǒrádaná čtvěrice G∗ = (X∗, Y ∗, u∗, v∗);

X∗ = Sn, Y ∗ = Sm,
u∗, v∗ jsou funkce X∗ × Y ∗ → R, definované p̌redpisem

u∗(x,y) = xTAy, v∗(x,y) = yTBx.

X, Y . . . ryźı strategie

X∗, Y ∗ . . . sḿı̌sené strategie
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Replikátorová
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Pravděpodobnostńı rozš́ı̌reńı bimaticové hry
G = (X,Y, u, v):

uspǒrádaná čtvěrice G∗ = (X∗, Y ∗, u∗, v∗);

X∗ = Sn, Y ∗ = Sm,
u∗, v∗ jsou funkce X∗ × Y ∗ → R, definované p̌redpisem

u∗(x,y) = xTAy, v∗(x,y) = yTBx.

X, Y . . . ryźı strategie

X∗, Y ∗ . . . sḿı̌sené strategie

G∗ = (X∗, Y ∗, u∗, v∗) = (A,B)



INVESTICE DO ROZVOJE VZDĚLÁVÁŃI
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x̄ ∈ X∗ . . . nejlepš́ı odpověd’ na strategii y ∈ Y ∗:

(∀x ∈ X∗) u∗(x̄,y) = x̄TAy ≥ xTAy = u∗(x,y)

ȳ ∈ Y ∗ . . . nejlepš́ı odpověd’ na strategii x ∈ X∗:

(∀y ∈ Y ∗) v∗(x, ȳ) = ȳTBx ≥ yTBx = v∗(x,y).
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x̄ ∈ X∗ . . . nejlepš́ı odpověd’ na strategii y ∈ Y ∗:

(∀x ∈ X∗) u∗(x̄,y) = x̄TAy ≥ xTAy = u∗(x,y)

ȳ ∈ Y ∗ . . . nejlepš́ı odpověd’ na strategii x ∈ X∗:

(∀y ∈ Y ∗) v∗(x, ȳ) = ȳTBx ≥ yTBx = v∗(x,y).

(x̄, ȳ) ∈ X∗ × Y ∗ . . . rovnovážná (podle Nashe):

∀(x ∈ X∗)∀(y ∈ Y ∗) x̄TAȳ ≥ xTAȳ, ȳTBx̄ ≥ yTBx̄

tj. x̄ je nejlepš́ı odpověd́ı na ȳ a současně ȳ je nejlepš́ı
odpověd́ı na x̄
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G = (A,B), c ∈ R+
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G = (A,B), c ∈ R+

G je c-partnerská hra:

(∃D,p, q) A = D + 1qT, B = cDT + 1pT

tj. aij = dij + qj, bji = cdij + pi
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G = (A,B), c ∈ R+

G je c-partnerská hra:

(∃D,p, q) A = D + 1qT, B = cDT + 1pT

tj. aij = dij + qj, bji = cdij + pi

G je hra stejných zájmů:

c = 1, p = o = q

tj. A = BT
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G = (A,B)
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Teoretické pozad́ı

Replikátorová
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Některé klasické
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G = (A,B)

G je symetrická hra :
A = B

tj. u(i, j) = v(j, i)
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replikátorových
rovnic
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G = (A,B)

G je symetrická hra (maticová hra):
A = B

tj. u(i, j) = v(j, i)



INVESTICE DO ROZVOJE VZDĚLÁVÁŃI
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hry

Strategie

Partnerská hra
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Alternativńı př́ıstupy
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G = (A,B)

G je symetrická hra (maticová hra):
A = B

tj. u(i, j) = v(j, i)

(x̄, ȳ) ∈ X∗2 je rovnovážná:

(∀x,y ∈ X∗) x̄TAȳ ≥ xTAȳ, ȳTAx̄ ≥ yTAx̄
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Symetrická hra
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konflikty
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G = (A,B)

G je symetrická hra (maticová hra):
A = B

tj. u(i, j) = v(j, i)

(x̄, ȳ) ∈ X∗2 je rovnovážná:

(∀x,y ∈ X∗) x̄TAȳ ≥ xTAȳ, ȳTAx̄ ≥ yTAx̄

x̄ ∈ X∗ je symetricky rovnovážná (podle Nashe):
(x̄, x̄), tj.

(∀x ∈ X∗) x̄TAx̄ ≥ xTAx̄
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Replikátorová
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rovnice

Maticové a
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x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n,

y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m,
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x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n,

y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m,

x′

i = xi(ei − x)TAy, i = 1, 2, . . . , n,

y′

j = yj(ej − y)TBx, j = 1, 2, . . . ,m.
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Definice bimaticové
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26 / 45

x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n,

y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m,

x′

i = xi(ei − x)TAy, i = 1, 2, . . . , n,

y′

j = yj(ej − y)TBx, j = 1, 2, . . . ,m.

(

x

y

)

′

=

(

x

y

)

◦

(

O (E − x1
T)A

(E − y1
T)B O

)(

x

y

)

.
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rovnice pro
bimaticovou hru

Vlastnosti
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x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n,

y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m,

x′

i = xi(ei − x)TAy, i = 1, 2, . . . , n,

y′

j = yj(ej − y)TBx, j = 1, 2, . . . ,m.

(

x

y

)

′

=

(

x

y

)

◦

(

O (E − x1
T)A

(E − y1
T)B O

)(

x

y

)

.

(

x

y

)

′

=

(

x

y

)

◦

[

E −

(

1xT O
O 1yT

)](

O A
B O

)(

x

y

)
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vlastnosti
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Rozš́ı̌reńı
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x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m
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Některé klasické
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x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

■ Sn × Sm, ∂Sn × ∂Sm S◦

n × S◦

m jsou pozitivně invariantńı
množiny rovnic
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Gradientńı systém
Hamiltonovský
systém
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x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

■ Sn × Sm, ∂Sn × ∂Sm S◦

n × S◦

m jsou pozitivně invariantńı
množiny rovnic

■ v důsledku toho lze n + m-rozměrný systém rovnic
zredukovat na n + m − 2 rozměrný

x′

i = xi(ei − x)T
(

Ãy − â
)

, i = 1, 2, . . . , n − 1,

y′

j = yj(ej − y)T
(

B̃x − b̂
)

, j = 1, 2, . . . ,m − 1.

kde ãij = aij − aim − anj + anm, âi = anm − aim

b̃ij = bij − bin − bmj + bmn, b̂j = bmn − bjn
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Př́ıklad:
n = m = 2

Bipartitńı systém
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A =

(

a11 a12

a21 a22

)

, B =

(

b11 b12

b21 b22

)

.
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Bipartitńı systém

Gradientńı systém
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A =

(

a11 a12

a21 a22

)

, B =

(

b11 b12

b21 b22

)

.

Redukovaný systém rovnic:

x′ = x(1 − x)(α1y − α2)

y′ = y(1 − y)(β1x − β2)

kde α1 = a11 − a12 − a21 + a22, α2 = a22 − a12,
β1 = b11 − b12 − b21 + b22, β2 = b22 − b12
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rovnice

Maticové a
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Redukovaný systém rovnic:

x′ = x(1 − x)(α1y − α2)

y′ = y(1 − y)(β1x − β2)

kde α1 = a11 − a12 − a21 + a22, α2 = a22 − a12,
β1 = b11 − b12 − b21 + b22, β2 = b22 − b12

Fázový prostor: [0, 1] × [0, 1]
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Redukovaný systém rovnic:

x′ = x(1 − x)(α1y − α2)

y′ = y(1 − y)(β1x − β2)

kde α1 = a11 − a12 − a21 + a22, α2 = a22 − a12,
β1 = b11 − b12 − b21 + b22, β2 = b22 − b12

Fázový prostor: [0, 1] × [0, 1]

Stacionárńı řešeńı: (0, 0), (0, 1), (1, 0), (1, 1)
odpov́ıdaj́ı ryźım strategíım.

Pokud α1 6= 0, 0 <
α2

α1
< 1, β1 6= 0, 0 <

β2

β1
< 1,

vniťrńı stacionárńı řešeńı:

(

β2

β1
,
α2

α1

)

odpov́ıdá sḿı̌seným strategíım.
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Bipartitńı systém

Gradientńı systém
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Alternativńı př́ıstupy
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Redukovaný systém rovnic:

x′ = x(1 − x)(α1y − α2)

y′ = y(1 − y)(β1x − β2)

Variačńı matice systému:

J(0, 0) =

(

−α2 0
0 −β2

)

, J(0, 1) =

(

α1 − α2 0
0 β2

)

,

J(1, 0) =

(

α2 0
0 β1 − β2

)

, J(1, 1) =

(

α2 − α1 0
0 β2 − β1

)

,
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Některé klasické
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Redukovaný systém rovnic:

x′ = x(1 − x)(α1y − α2)

y′ = y(1 − y)(β1x − β2)

Variačńı matice systému:

J

(

β2

β1
,
α2

α1

)

=









0
α1β2(β1 − β2)

β2
1

α2β1(α1 − α2)

α2
1

0









.
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systém
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Redukovaný systém rovnic:

x′ = x(1 − x)(α1y − α2)

y′ = y(1 − y)(β1x − β2)

Variačńı matice systému:

J

(

β2

β1
,
α2

α1

)

=









0
α1β2(β1 − β2)

β2
1

α2β1(α1 − α2)

α2
1

0









.

Stacionárńı řešeńı odpov́ıdaj́ıćı ryźım strategíım jsou sedla
nebo uzly, stacionárńı řešeńı odpov́ıdaj́ıćı sḿı̌seným
strategíım je sedlo nebo nestabilńı ohnisko.
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systém

Některé klasické
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x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m
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bimaticové hry
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replikátorových
rovnic pro
bimaticovou hru
Př́ıklad:
n = m = 2

Bipartitńı systém
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x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

Uvažujme tento systém na S◦

n × S◦

m
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Úvod

Teoretické pozad́ı
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x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

Uvažujme tento systém na S◦

n × S◦

m

Substituce
ãij = aij − anj, âi = aim − anm,

b̃ji = bji − bmi, b̂j = bjn − bmn,
ξi =

xi

xn

, ηj =
yj

ym

,

ξ′i = ξi

(Ãη)i + âi

1 + 1
Tη

, i = 1, 2, . . . , n − 1,

η′

j = ηj

(B̃ξ)j + b̂j

1 + 1
Tξ

, j = 1, 2, . . . ,m − 1.
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x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

Uvažujme tento systém na S◦

n × S◦

m

Daľśı substituce ui = ln ξi, vj = ln ηj

u′

i =

m−1
∑

k=1

ãike
vk + âi

1 +
m−1
∑

k=1

evk

, i = 1, 2, . . . , n − 1,

v′

j =

n−1
∑

k=1

b̃jke
uk + b̂i

1 +
n−1
∑

k=1

euk

, j = 1, 2, . . . ,m − 1.
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x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

Uvažujme tento systém na S◦

n × S◦

m



INVESTICE DO ROZVOJE VZDĚLÁVÁŃI
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Teoretické pozad́ı

Replikátorová
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x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

Uvažujme tento systém na S◦

n × S◦

m

R
k
◦

=
{

ζ ∈ R
k : 1

T ζ = 0
}

Tečný prostor: T(x,y)(S
◦

n × S◦

m) = R
n
◦
× R

m
◦
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Replikátorová
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x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

Uvažujme tento systém na S◦

n × S◦

m

Následuj́ıćı výroky jsou ekvivalentńı:

(i) (A,B) je c-partnerská hra.
(ii) Existuje funkce V : S◦

n × S◦

m → R taková, že pro
všechny vektory ξ ∈ R

n
◦
, η ∈ R

m
◦

plat́ı
D(x,y)V (ξ,η) = 〈(x′,y′), (ξ,η)〉(x,y);

skalárńı součin 〈 , 〉 je určen metrickým tenzorem

G(x,y) = diag
(

1
x1

, . . . , 1
xn

, 1
cy1

, . . . , 1
cym

)

.

(iii) Pro všechny vektory ξ ∈ R
n
◦
, η ∈ R

m
◦

plat́ı
cξTAη = ηTBξ.
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x′

i = xi

(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n.

x(0) ∈ S◦

n

Následuj́ıćı výroky jsou ekvivalentńı:

(i) A = AT.
(ii) Existuje funkce V : S◦

n → R taková, že pro všechny
vektory ξ ∈ R

n
◦

plat́ı
DxV (ξ) = 〈x′, ξ〉x;

skalárńı součin 〈 , 〉 je určen metrickým tenzorem

G(x) = diag
(

1
x1

, 1
x2

, . . . , 1
xn

)

.
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Př́ıklad:
n = m = 2

Bipartitńı systém
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x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

Uvažujme tento systém na S◦

n × S◦

m

Necht’ (A,B) je c-partnerská hra a (x̄, ȳ) ∈ S◦

n × S◦

m je
Nashova rovnováha.
Pak funkce

H(x,y) = c

n
∑

i=1

x̄i ln xi −
m
∑

j=1

ȳj ln yj

je invariantem systému.
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32 / 45

x′

i = xi

(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′

j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

Uvažujme tento systém na S◦

n × S◦

m

Necht’ (A,B) je c-partnerská hra a (x̄, ȳ) ∈ S◦

n × S◦

m je
Nashova rovnováha.
Substituce rij = aij − anj − aim + anm,

ui = ln
xi

xn

, vj = ln
yj

ym

,

pro i = 1, 2, . . . , n − 1, j = 1, 2, . . . ,m − 1
p̌revád́ı replikátorový systém na systém Hamiltonovský

(

u

v

)

′

=

(

O R
−RT O

)(

∇uH

∇vH

)
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V – hodnota zdroje
C – náklady na boj

Jesťráb Holubice

Jesťráb 1
2
V − C V

Holubice 0 1
2
V
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Strategie: (1) – vybrat levněǰśı
(2) – vybrat dražš́ı

L, D – cena levněǰśıho a

dražš́ıho j́ıdla
δ – uspokojeńı z dražš́ıho j́ıdla, δ < D − L

(1) (2)

(1) −L −1
2
(L + D)

(2) −1
2
(L + D) + δ −D + δ
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36 / 45

Strategie: (1) – dělat reklamu
(2) – nedělat reklamu

V – hodnota trhu
C – náklady na reklamu, V > C

(1) (2)

(1) 1
2
V − C V − C

(2) 0 1
2
V
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Některé klasické
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Vězňovo dilema
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Strategie: Jesťráb
Holubice
Měšt’ák

V – hodnota zdroje
C – náklady na boj

Jesťráb Holubice Měšt’ák

Jesťráb 1
2
V − C V 3

4
V − 1

2
C

Holubice 0 1
2
V 1

4
V

Měšt’ák 1
4
V − 1

2
C 3

4
V 1

2
V
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Účastńıci Strategie

samci věrný (faithful) záletńık (philanderer)

samice zdrženlivá (coy) nevázaná (fast)

V – hodnota potomka
2C – náklady na výchovu
c – náklady na námluvy

samice

zdrženlivá nevázaná

sa
m

ci

věrný
V − C − c

V − C − c

V − C

V − C

záletńık
0

0
V − 2C

V
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Strategie: Spolupráce
Podraz

R – výplata p̌ri spolupráci
P – trest za podrazy
T – pokušeńı podrazit spolupracuj́ıćıho
S – výplata oklamaného

T > R > P > S, 2R > T + S

Spolupráce Podraz

Spolupráce R S

Podraz T P
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rovnice

Maticové a
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replikátorových
rovnic
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dynamika v prostoru

Alternativńı př́ıstupy
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Do procesu se zavede náhodnost (mutace)
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41 / 45

Do procesu se zavede náhodnost (mutace)

■ Potomci mohou být s jistou pravděpodobnost́ı jiného
(ale již existuj́ıćıho) typu než rodiče.
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Vlastnosti
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Do procesu se zavede náhodnost (mutace)

■ Potomci mohou být s jistou pravděpodobnost́ı jiného
(ale již existuj́ıćıho) typu než rodiče.

■ S jistou pravděpodobnost́ı mohou vznikat nové typy.
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Do procesu se zavede náhodnost (mutace)

■ Potomci mohou být s jistou pravděpodobnost́ı jiného
(ale již existuj́ıćıho) typu než rodiče.

■ S jistou pravděpodobnost́ı mohou vznikat nové typy.

Destabilizace systému – evolučně stabilńıho stavu nemuśı být
dosaženo, mohou p̌rež́ıvat i typy, které by v deterministickém
systému vymizely.
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konflikty

Rozš́ı̌reńı

Adaptivńı dynamika
Replikátorová
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Konečný automat:

■ stav buňky – některý z uvažovaných typů
■ p̌rechod – typ se změńı na ten z okolńıch buněk, který

dává pro původńı typ nejvěťśı výhru
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Úvod

Teoretické pozad́ı
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Konečný automat:

■ stav buňky – některý z uvažovaných typů
■ p̌rechod – typ se změńı na ten z okolńıch buněk, který

dává pro původńı typ nejvěťśı výhru

Vznikaj́ı obrazce typů, lokálně p̌rež́ıvaj́ı i ty, které v evolučně
stabilńım stavu vymiźı.
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rovnice

Maticové a
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Alternativńı př́ıstupy
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Typy (vzorce chováńı, strategie) se nereplikuj́ı, ale měńı
jeden na druhý napodobováńım.



INVESTICE DO ROZVOJE VZDĚLÁVÁŃI
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Úvod

Teoretické pozad́ı
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replikátorových
rovnic
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Typy (vzorce chováńı, strategie) se nereplikuj́ı, ale měńı
jeden na druhý napodobováńım.
Jevy: Sij . . . jedinec typu j potká jedince typu i

Cij . . . jedinec typu j se změńı na typ i
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Typy (vzorce chováńı, strategie) se nereplikuj́ı, ale měńı
jeden na druhý napodobováńım.
Jevy: Sij . . . jedinec typu j potká jedince typu i

Cij . . . jedinec typu j se změńı na typ i
Pravděpodobnosti jev̊u během časového intervalu délky ∆t:

P (Sij) ∼ xi, P (Cij|Sij) ∼ ∆t, P (Cij|¬Sij) = 0.
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Typy (vzorce chováńı, strategie) se nereplikuj́ı, ale měńı
jeden na druhý napodobováńım.
Jevy: Sij . . . jedinec typu j potká jedince typu i

Cij . . . jedinec typu j se změńı na typ i
Pravděpodobnosti jev̊u během časového intervalu délky ∆t:

P (Sij) ∼ xi, P (Cij|Sij) ∼ ∆t, P (Cij|¬Sij) = 0.
Tedy pravděpodobnost, že jedinec typu i se změńı na typ j:

P (Cij) = P (Sij)P (Cij|Sij) ∼ xi∆t.
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Typy (vzorce chováńı, strategie) se nereplikuj́ı, ale měńı
jeden na druhý napodobováńım.
Jevy: Sij . . . jedinec typu j potká jedince typu i

Cij . . . jedinec typu j se změńı na typ i
Pravděpodobnosti jev̊u během časového intervalu délky ∆t:

P (Sij) ∼ xi, P (Cij|Sij) ∼ ∆t, P (Cij|¬Sij) = 0.
Tedy pravděpodobnost, že jedinec typu i se změńı na typ j:

P (Cij) = P (Sij)P (Cij|Sij) ∼ xi∆t.
gij . . . koeficient úměrnosti
N . . . velikost populace

Sťredńı počet jedinc̊u typu i za časový interval délky ∆t:

Nxi(t + ∆t) = Nxi(t) +
n
∑

j=1

(

Nxi(t)
)

gijxj(t)∆t−

−
n
∑

k=1

(

Nxk(t)
)

gkixi(t)∆t
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Některé klasické
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x′

i = xi

n
∑

k=1

(gik − gki)xk, i = 1, 2, . . . , n.

Pravděpodobnost p̌rechodu od j-tého typu k i-tému záviśı
na výhrách (Ax)i, (Ax)j:

gij = ϕ
(

(Ax)i, (Ax)j

)
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x′

i = xi

n
∑

k=1

(gik − gki)xk, i = 1, 2, . . . , n.

Pravděpodobnost p̌rechodu od j-tého typu k i-tému záviśı
na výhrách (Ax)i, (Ax)j:

gij = ϕ
(

(Ax)i, (Ax)j

)

Pravidlo
”
napodobuj lepš́ıho“:

ϕ(u, v) =

{

1, u > v,

0, jinak.
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rovnice

Maticové a
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replikátorových
rovnic
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x′

i = xi

n
∑

k=1

(gik − gki)xk, i = 1, 2, . . . , n.

Pravděpodobnost p̌rechodu od j-tého typu k i-tému záviśı
na výhrách (Ax)i, (Ax)j:

gij = ϕ
(

(Ax)i, (Ax)j

)

Pravidlo
”
napodobuj lepš́ıho t́ım v́ıce, č́ım je lepš́ı“:

ϕ(u, v) =

{

(u − v)α, u > v,

0, jinak,
α > 0
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x′

i = xi

n
∑

k=1

(gik − gki)xk, i = 1, 2, . . . , n.

Pravděpodobnost p̌rechodu od j-tého typu k i-tému záviśı
na výhrách (Ax)i, (Ax)j:

gij = ϕ
(

(Ax)i, (Ax)j

)

Pravidlo
”
napodobuj lepš́ıho t́ım v́ıce, č́ım je lepš́ı“:

ϕ(u, v) =

{

(u − v)α, u > v,

0, jinak,
α > 0

Replikátorovou rovnici lze považovat za speciálńı p̌ŕıpad
rovnice imitačńı dynamiky pro α = 1.
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konflikty
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Růstový koeficient subpopulace každého typu (vzorce
chováńı, strategie) je úměrný

”
výȟre“:

xi(t + h) = c(t)
(

Ay(t)
)

i xi(t),
yj(t + h) = d(t)

(

Bx(t)
)

j yj(t)
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Teoretické pozad́ı

Replikátorová
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replikátorových
rovnic
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Růstový koeficient subpopulace každého typu (vzorce
chováńı, strategie) je úměrný

”
výȟre“:

xi(t + h) = c(t)
(

Ay(t)
)

i xi(t),
yj(t + h) = d(t)

(

Bx(t)
)

j yj(t)
Aby platilo
(

x(t),y(t)
)

∈ Sn × Sm ⇒
(

x(t),y(t)
)

∈ Sn × Sm,
muśı být

c(t) =
1

x(t)TAy(t)
, d(t) =

1

y(t)TBx(t)
, aij > 0, bij > 0.



INVESTICE DO ROZVOJE VZDĚLÁVÁŃI
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Růstový koeficient subpopulace každého typu (vzorce
chováńı, strategie) je úměrný

”
výȟre“:

xi(t + h) = c(t)
(

Ay(t)
)

i xi(t),
yj(t + h) = d(t)

(

Bx(t)
)

j yj(t)
Aby platilo
(

x(t),y(t)
)

∈ Sn × Sm ⇒
(

x(t),y(t)
)

∈ Sn × Sm,
muśı být

c(t) =
1

x(t)TAy(t)
, d(t) =

1

y(t)TBx(t)
, aij > 0, bij > 0.

Tedy

xi(t+h) = xi(t)

(

Ay(t)
)

i

x(t)TAy(t)
, yj(t+h) = yj(t)

(

Bx(t)
)

j

y(t)TBx(t)
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Disrétńı dynamika
pro bimaticovou hru

45 / 45

∆xi(t) = xi(t)

(

Ay(t)
)

i − x(t)TAy(t)

x(t)TAy(t)
,

∆yj(t) = yj(t)

(

Bx(t)
)

j − y(t)TBx(t)

y(t)TBx(t)



INVESTICE DO ROZVOJE VZDĚLÁVÁŃI
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Vlastnosti
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konflikty
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∆xi(t) = xi(t)

(

Ay(t)
)

i − x(t)TAy(t)

x(t)TAy(t)
,

∆yj(t) = yj(t)

(

Bx(t)
)

j − y(t)TBx(t)

y(t)TBx(t)

x′

i = xi

(Ay)i − xTAy

xTAy
, i = 1, 2, . . . , n,

y′

j = yj

(Bx)j − yTBx

yTBx
, j = 1, 2, . . . ,m.

Interpretace matic A a B v tomto systému je jiná, než
v p̌ŕıpadě původńı replikátorové rovnice.
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