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práce
d´Alembert̊uv
princip

Lagrangeovy rovnice

Hamiltonián
Hamiltonovské
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práce
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Mechanickou soustavu N hmotných bodů můžeme popsat
souborem kartézských soǔradnic pomoćı N ≥ 1 vektor̊u:

r1 =







x11
x12
x13





 , r1 =







x21
x22
x23





 , . . . , rN =







xN1
xN2
xN3





 (1)

Body jsou vázány omezeńımi. Holonomńı omezeńı:

φk(r
1, . . . , rN , t) = 0, k = 1, . . . ,M. (2)

Neholonomńı omezeńı: nelze vyjáďrit jako (2) (nerovnosti,
neintegrovatelné rovnosti s rychlostmi,...).
Skleronomńı omezeńı: φk(·, t) ≡ φk(·).
Rheonomńı omezeńı: neńı skleronoḿı.
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x1

x2

x3

Obrázek 1: Rovinný model kinematiky auta. Omezeńı má
následuj́ıćı tvar: ẋ2 cos x3 = ẋ1 sin x3.
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Toto omezeńı nelze integrovat, tj. neńı důsledkem derivováńı
některého holonomńıho omezeńı φ(x1, x2, x3) = 0 podle
času, nebot’ by muselo platit:

φx1
= α(x) sin(x3), φx2

= −α(x) cosx3, φx3
= 0,

α(x) 6= 0 je libovolná diferencovatelná skalárńı funkce (tzv.
integruj́ıćı faktor). Jelikož ale φx1x3

= φx3x1
∧ φx2x3

= φx3x2
,

muselo by platit

α(x) cosx3 + αx3
(x) sin x3 = (α(x) sin(x3))x3

= 0x1
= 0

α(x) sin x3 − αx3
(x) cosx3 = (−α(x) cos(x3))x3

= 0x2
= 0,

z čehož plyne α(x) ≡ 0, což je spor.
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rovnice
Kuličky na
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Mějme systém N hmotných bodů s M , M < 3N , vzájemně
nezávislými holonomńımi omezeńımi. Č́ıslo s = 3N −M se
nazývá počtem stupň̊u volnosti. Potom existuj́ı, alespoň
lokálně, tzv. zobecněné soǔradnice

q1, q2, . . . , qs, s = 3N −M. (3)

Původńı popis systému N hmotných bodů (1) lze p̌res (3)
vyjáďrit pomoćı 3N skalárńıch funkćı, které zaṕı̌seme
stručněji pomoćı N vektorových rovnic:

r1 = ψ1(q1, q2, . . . , qs)
...

rN = ψN(q1, q2, . . . , qs).

(4)
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Modelováńı
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rovnice
Kuličky na
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Hybridńı systém s
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robot̊u

7 / 78

Uvažujme práci p̌ri infinitesimálńıch posunech poloh
hmotných bodů

∑N
i=1 Fiδr

i. Vyjáďŕıme ji pomoćı
zobecněných soǔradnic. Máme

δri =
s
∑

j=1

∂ri

∂qj
δqj, i = 1, . . . , N, s = 3N −M. (5)

N
∑

i=1

Fiδr
i =

N
∑

i=1

s
∑

j=1

Fi

∂ri

∂qj
δqj =

s
∑

j=1

N
∑

i=1

Fi

∂ri

∂qj
δqj =

s
∑

j=1

Qjδqj.

N
∑

i=1

Fiδr
i =

s
∑

j=1

Qjδqj, Qj =
N
∑

i=1

Fi

∂ri

∂qj
. (6)

Qj nazýváme zobecněnou silou pro qj, j = 1, . . . , s
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Modelováńı
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soǔradnice

Zobecněné śıly
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práce
d´Alembert̊uv
princip

Lagrangeovy rovnice

Hamiltonián
Hamiltonovské
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Rovnováha: Fi = 0, i = 1, . . . , N , potom také
∑N

i=1 Fiδri = 0. Fi, i = 1, . . . , N můžeme vyjáďrit součtem
śıly reakce na omezeńı Fz

i a akčńı (či vnucené, vněǰśı) śıly Fa
i :

N
∑

i=1

[Fz
i + Fa

i ]δri = 0.

Postulát: celková práce vykonaná reakcemi na omezeńı rovna
nule, tj.

∑N
i=1 F

z
i δri = 0.

Princip virtuálńı práce: Systém se může nacházet v
rovnovážném stavu jedině tehdy, pokud je celková virtuálńı
práce vněǰśıch sil rovna nule.

N
∑

i=1

Fa
i δri = 0,
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Model jedné kuličky
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d´Alembert pak dokázal využ́ıt princip virtuálńı práce i v
dynamice. Pro setrvačné śıly jednotlivých hmotných bodů
systému Fi, i = 1, . . . , N plat́ı Newtonův zákon Fi = ṗi, jsou
hybnosti jednotlivých bodů systému, proto
∑N

i=1[Fi − ṗi]δri = 0,

a opět śıly reakćı na omezeńı nekonaj́ı práci, takže

N
∑

i=1

[Fa
i − ṗi]δri = 0. (7)

Rovnice (7) vyjaďruje d´Alembert̊uv princip. Tento princip
je pak možné využ́ıt k odvozeńı Largangeovy metody.



INVESTICE DO ROZVOJE VZDĚLÁVÁŃI
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Základńım krokem p̌ri odvozeńı Lagrangeových rovnic je
proto p̌rechod ke zobecněným soǔradnićım. Dosad́ıme z (5)
do
∑N

i=1[Fi − ṗi]δri = 0, a dostaneme

s
∑

j=1

cj(·)δqj = 0 ⇔ cj(·) = 0 ∀, j = 1, . . . , s, s = 3N −M,

nebot’ δqj, j = 1, . . . , s jsou navzájem nezávislé,

cj(·) - určité výrazy závislé na (nezobecněných) silách,
soǔradnićıch, rychlostech a zrychleńıch.

Jejich p̌resné vyjáďreńı ve zobecněných soǔradnićıch a
zobecněných silách je pak vlastně odvozeńım Largangeových
rovnic
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Nejprve si vzpomeneme na
∑N

i=1 Fiδri =
∑s

j=1Qjδqj, a

zbývá tedy “jenom” v
∑N

i=1[Fi − ṗi]δri = 0,

N
∑

i=1

ṗiδr
i =

N
∑

i=1

mir̈
iδri =

N
∑

i=1

mir̈
i

s
∑

j=1

∂ri

∂qj
δqj.

r̈i =
s
∑

k=1,l=1

∂2ri

∂qkql
q̇kq̇l +

s
∑

k=1

∂ri

∂qk
q̈k , i = 1, . . . , N

N
∑

i=1

ṗiδr
i =

s
∑

j=1

N
∑

i=1

mi





s
∑

k=1,l=1

∂2ri

∂qkql
q̇kq̇l +

s
∑

k=1

∂ri

∂qk
q̈k





∂ri

∂qj
δqj.
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systémy
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Zavedeme kinetickou energii K systému a vyjáďŕıme ji ve
zobecněných soǔradnićıch:

K =
N
∑

i=1

mi[ṙ
i]2 =

N
∑

i=1

mi

[

s
∑

k=1

∂ri

∂qk
q̇k

]2

. (8)

Je možné pracně ově̌rit, že ∀j = 1, . . . , s plat́ı:

d

dt

∂K

∂q̇j
−
∂K

∂qj
=

N
∑

i=1

mi





s
∑

k=1,l=1

∂2ri

∂qkql
q̇kq̇l +

s
∑

k=1

∂ri

∂qk
q̈k





∂ri

∂qj

a tedy

N
∑

i=1

ṗiδr
i =

s
∑

j=1

[

d

dt

∂K

∂q̇j
−
∂K

∂qj

]

δqj. (9)
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Z definice zobecněné śıly pak pak dostaneme

N
∑

i=1

ṗiδr
i =

s
∑

j=1

[

d

dt

∂K

∂q̇j
−
∂K

∂qj
−Qj

]

δqj = 0, (10)

což vede d́ıky zmiňované vzájemné nezávislosti všech
δqj, j = 1, . . . , s, na rovnice

d

dt

∂K

∂q̇j
−
∂K

∂qj
= Qj, ∀j = 1, . . . , s. (11)

I když se rovnice (11) lǐśı od standardně uváděných
Lagrangeových rovnic, jsou skutečnou podstatou
Lagrangeova p̌ŕıstupu a také jsou velmi užitečné.
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Předpokládejme, že část sil má potenciálńı původ.
V (q1, . . . , qn) je potenciálem, či potenciálńı energie.
Zobecněná śıla odpov́ıdaj́ıćı zobecněné soǔradnici qj je v
tomto p̌ŕıpadě rovna − ∂V

∂qj
.

Přidáme-li tuto śılu na pravou stranu (11), dostaneme

d

dt

∂K

∂q̇j
−
∂K

∂qj
= Qj −

∂V

∂qj
, ∀j = 1, . . . , s,

d

dt

∂[K − V ]

∂q̇j
−
∂[K − V ]

∂qj
= Qj, ∀j = 1, . . . , s,

nebot’ potenciál očividně nezáviśı na rychlostech.
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Ř́ızeńı kráčej́ıćıch
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Odvodili jsme tedy Lagraneovy rovnic s Lagrangiánem L:

d

dt

∂L

∂q̇j
−
∂L

∂qj
= Qj, ∀j = 1, . . . , s, L := K − V. (12)

Zobecněné śıly Qj, ∀j = 1, . . . , s, v (12) jsou pak všechny
zobecněné śıly, které působ́ı na systém.
Při praktickém sestavováńı rovnic pro ř́ızené systémy s
akčńımi členy je pak také velmi užitečné, že zobecněné śıly se
snadno definuj́ı, nebot’ p̌rirozeně vyplývaj́ı z popisu problému.
Často je v aplikaćıch volba zobecněných soǔradnic dána
p̌redevš́ım hlediskem snadného popisu zobecněných sil,
kterými jsou obvykle i akčńı členy v ř́ızených systémech.
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mechanických
systémů
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Veličinám σ1, . . . , σs definovaným jako

σj =
∂L

∂q̇j
=
∂K

∂q̇j
, ∀j = 1, . . . , s, L := K − V. (13)

ř́ıkáme zobecněné hybnosti odpov́ıdaj́ıćı p̌ŕıslušným
zobecněným soǔradnićım. Slovo zobecněné opět vyjaďruje
skutečnost, že fyzikálńım rozměrem zobecněných hybnost́ı
nemuśı být nutně kg ·m · s−1, jak je tomu u klasické
hybnosti. Kromě toho, zobecněné hybnosti nemaj́ı pro
složitěǰśı mechanické systémy p̌ŕımou souvislost s celkovou
hybnost́ı systému. Zobecněné hybnosti sehrávaj́ı důležitou
úlohu v Hamiltonovském p̌ŕıstupu, který probereme později.
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Hamiltonián H(q1, . . . , qs, σ1, . . . , σs)

H := K(q1, . . . , qs, σ1, . . . , σs) + V(q1, . . . , qs). (14)

Pro pochopeńı Hamiltonova p̌ŕıstupu je ťreba si uvědomit, že
kinetická energie je jinou funkćı, než v Lagrangeově
p̌ŕıstupu, nebot’ je vyjáďrena p̌res zobecněné hybnosti, a ne
p̌res zobecněné rychlosti. Proto také ∀j = 1, . . . , s plat́ı

∂K(q1, . . . , qs, σ1, . . . , σs)

∂qj
=

−
∂K(q1, . . . , qs, q̇1, . . . , q̇s)

∂qj
. (15)
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Kinetická energie je obvykle kvadratickou positivně definitńı
formou zobecněných rychlost́ı

K = q̇⊤D(q)q̇, q⊤ = (q1, . . . , qs), q̇
⊤ = (q̇1, . . . , q̇s).

s× s matice této formy D(q) = D(q)⊤ záviśı na
zobecněných soǔradnićıch. Plat́ı

(σ1, . . . , σs)
⊤ = D(q)(q̇1, . . . , q̇s)

⊤,

Máme z (q̇1, . . . , q̇s)
⊤ = D(q)−1(σ1, . . . , σs)

⊤ a
K = q̇⊤D(q)q̇:

K(q1, . . . , qs, σ1, . . . , σs) = σ⊤D(q)−1σ, σ⊤ = (σ1, . . . , σs).
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Využijeme

∂[D(q)−1]

∂qj
= −D(q)−1∂D(q)

∂qj
D(q)−1, ∀j = 1, . . . , s,

což plyne z

0 =
∂[Is]

∂qj
=
∂[D(q)−1D(q)]

∂qj
= D(q)−1∂D(q)

∂qj
+
∂[D(q)−1]

∂qj
D(q),

∂K

∂qj
= σ⊤

∂[D(q)−1]

∂qj
σ = −σ⊤D(q)−1∂D(q)

∂qj
D(q)−1σ =

−q̇⊤
∂D(q)

∂qj
q̇ = −

∂K

∂qj
.
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Dále, plat́ı následuj́ıćı vztah pro zobecněné rychlosti

q̇j =
∂K(q1, . . . , qs, σ1, . . . , σs)

∂σj
, ∀j = 1, . . . , s, (16)

který dokážeme následovně

K(q, q̇) = K(q, σ) ⇒ σj =
∂K

∂q̇j
(q, q̇) =

∂K

∂q̇j
(q, σ) ⇒

1 =
∂σj

∂σj
=

∂

∂σj

∂K

∂q̇j

⇒ 1 =
∂

∂σj

∂K

∂q̇j
=

∂

∂q̇j

∂K

∂σj
⇒ 1 =

∂

∂q̇j

∂K

∂σj
⇒ q̇j =

∂K

∂σj
.
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robot̊u

21 / 78

Nyńı použijeme (15,16) k odvozeńı dynamických rovnic
pomoćı Hamiltoniánu. Lagrangeovy rovnice (12) je očividně
možné zapsat pomoćı zobecněných hybnost́ı (13) jako

dσj
dt

−
∂L

∂qj
= Qj, ∀j = 1, . . . , s, L := K − V,

a tedy ∀j = 1, . . . , s plat́ı, že

dσj
dt

=
∂K

∂qj
−
∂V

∂qj
+Qj = −

∂K

∂qj
−
∂V

∂qj
+Qj = −

∂H

∂qj
+Qj.

σ̇ = −

[

∂H

∂q

]⊤

+Q, σ⊤ = (σ1, . . . , σs), Q
⊤ = (Q1, . . . , Qs).
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robot̊u

22 / 78

Kromě toho, z (16) a ze skutečnosti, že potenciálńı energie
nezáviśı na zobecněných hybnostech vyplývá, že

q̇ =

[

∂K

∂σ

]⊤

=

[

∂H

∂σ

]⊤

.

Konečná podobu Hamiltonových dynamických rovnic

q̇ =

[

∂H

∂σ

]⊤

, σ̇ = −

[

∂H

∂q

]⊤

+Q,

q⊤ = (q1, . . . , qs), σ
⊤ = (σ1, . . . , σs), Q

⊤ = (Q1, . . . , Qs).



INVESTICE DO ROZVOJE VZDĚLÁVÁŃI
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Modelováńı
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rovnice
Kuličky na
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Z p̌redchoźıho okamžitě plyne zákon zachováńı energie,
nebot’

dH

dt
=
∂H

∂σ
σ̇ +

∂H

∂q
q̇ =

−
∂H

∂σ

[

∂H

∂q

]⊤

+
∂H

∂σ
Q+

∂H

∂q

[

∂H

∂σ

]⊤

=
∂H

∂σ
Q.

Máme tedy

dH

dt
=
∂H

∂σ
Q = q̇⊤Q, (17)

což p̌ri Q = 0 vede na konstantńı H a tedy zachováńı
energie.
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x

y

y = kx2

Obrázek 2: Kuličky na nakloněné parabolické ploše.
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neholonomńı
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Kulička má hmotnost m a g je gravitačńı zrychleńı, nepůsob́ı
žádný typ ťreńı. Lagrangián má tedy tvar

L =
1

2
m[ẋ2 + ẏ2] +mgy =

1

2
m[ẋ2 + 4k2x2ẋ2] +mgkx2,

Lagrangeovy rovnice tedy maj́ı tvar

d

dt

[

1

2
m[2ẋ+ 8k2x2ẋ]

]

−
1

2
m8k2xẋ2 + 2mgkx = 0,

což vede po poťrebných úpravách k

ẍ = −x
2gk + 4k2ẋ

1 + 4k2x2
.
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soǔradnice

Zobecněné śıly
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systémy
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robot̊u

26 / 78

Kuličky o hmotnostech m1,m2 a rychlostech v1, v2, že se
zachová energie a hybnost, odraz proběhne nekonečně rychle
a bez deformace, at’ už elastické, či plastické:

m1v
+
1 +m2v

+
2 = m1v

−

1 +m2v
−

2 ,

1

2
m1[v

+
1 ]

2 +
1

2
m2[v

+
2 ]

2 =
1

2
m1[v

−

1 ]
2 +

1

2
m2[v

−

2 ]
2,

[

m1 m2

m1(v
+
1 + v−1 ) m2(v

+
2 + v−2 )

] [

v+1 − v−1
v+2 − v−2

]

= 0.

Linearńı soustava vzhledem k neznámým v+1 − v−1 , v
+
2 − v−2

má netriviálńı řešeńı, tj. v+1 + v−1 = v+2 + v−2 , a tedy muśıme
řešit již plně lineárńı soustavu rovnic
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m1v
+
1 +m2v

+
2 = m1v

−

1 +m2v
−

2 ,

v+1 − v+2 = −v−1 + v−2 ,
[

m1 m2

1 −1

] [

v+1
v+2

]

=

[

m1 m2

−1 1

] [

v−1
v−2

]

,

[

v+1
v+2

]

=

[ m1−m2

m1+m2

2m2

m1+m2

2m1

m1+m2

m2−m1

m1+m2

] [

v−1
v−2

]

. (18)

Pro názornost, v p̌ŕıpadě stejných hmotnost́ı

[

v+1
v+2

]

=

[

0 1
1 0

] [

v−1
v−2

]

,

což znamená, že si koule p̌ri nárazu prohod́ı své rychlosti.
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Naopak, pokud je jedna z hmotnost́ı zanedbatelně malá
vzhledem k druhé, nap̌r. m1 ≫ m2, dostaneme po úpravách
a limitńım p̌rechodu, že

[

v+1
v+2

]

=

[

1 0
2 −1

] [

v−1
v−2

]

,

což znamená, že těžká kulička nezměńı v̊ubec rychlost, ale ta
zanedbatelně lehká po nárazu zrychĺı o rozd́ıl jejich rychlost́ı
p̌red nárazem.
Př́ımým výpočtem pak také snadno zjist́ıme, že pro jakékoliv
hmotnosti má matice v (18) vlastńı č́ısla rovná ±1.
Náraz jakožto diskrétńı dynamický systém je tedy na mezi
stability.
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Nárazy kuliček
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x1 6= x2 + 2rkx2 :

ẋ1 = x3, ẋ3 = −x1
2gk+4k2x3

1+4k2x2
1

,

ẋ2 = x4, ẋ4 = −x2
2gk+4k2x4

1+4k2x2
2

x1 = x2 + 2rkx2 :
x+1 = x−1 , x

+
2 = x−2 ,

[

x+3
x+4

]

=

[ m1−m2

m1+m2

2m2

m1+m2

2m1

m1+m2

m2−m1

m1+m2

] [

x−3
x−4

]

(19)
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soǔradnice

Zobecněné śıly
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Obrázek 3: Trajektorie poloh kuliček p̌ri 150 nárazech, vodo-
rovná soǔradnice na obrázku je polohou prvńı kuličky, svislá
soǔradnice je polohou druhé kuličky.
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systému
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d

dt

∂L

∂q̇j
−
∂L

∂qj
= Qj, ∀j = 1, . . . , s, L := K − V.































d
dt

∂L
∂q̇1

− ∂L
∂q1

...
d
dt

∂L
∂q̇nna

− ∂L
∂qnna

d
dt

∂L
∂q̇nna+1

− ∂L
∂qnna+1

...
d
dt

∂L
∂q̇n

− ∂L
∂qn































= u =

























0
...
0

unna+1
...
un

























, 0 ≤ nna ≤ n.

Ḿısto s použijeme n; nna - stupeň podaktuovanosti, plně
aktuovaný, pro nna = 0, podaktuovaný pro 0 < nna < n,
a neaktuovaný, pro nna = n.
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Kinetická energie K = q̇⊤D(q)q̇, matice setrvačnosti

mechanického systému D(q) = D(q)⊤ > 0

D(q)q̈ + C(q, q̇)q̇ +G(q) = u,

G(q) = ∂V
∂q
, C(q, q̇)q̇ = d

dt
[D(q)q̇]− ∂

∂q
[1
2
q̇⊤D(q)q̇]⊤.

G(q) vektor gravitačńıch člen̊u,

C(q, q̇) matice Coriolisových a odsťredivých člen̊u

C(q, q̇)q̇ Coriolisovy a odsťredivé členy.
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Stavový popis
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4-linku
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Přejdeme ke standardńımu stavovému popisu

x = (x1, . . . , x2n)
⊤,

x1 = q1, . . . , xn = qn, xn+1 = q̇1, . . . , x2n = q̇n








ẋ1
...
ẋn









=









xn+1,
...

x2n,









,









ẋn+1
...
ẋ2n









= D(x1, . . . , xn)
−1

×









−C(x1, . . . , x2n)









xn+1
...
x2n









−G(x1, . . . , xn) + u









.
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Exaktńı linearizace
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ẋ1
...
ẋn









=









xn+1,
...

x2n,









,









ẋn+1
...
ẋ2n









= D(x1, . . . , xn)
−1

×









−C(x1, . . . , x2n)









xn+1
...
x2n









−G(x1, . . . , xn) +









u1
...
un

















.

y = (x1, . . . , xn) je pomocným linearizuj́ıćım výstupem, má
vektorový relativńı stupeň (2, . . . , 2)
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Akčńı veličiny
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modelu Acrobot
Model
podaktuovaného
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v = D(x1, . . . , xn)
−1









−C(x)









xn+1
...
x2n









−G(x1, . . . , xn) +









u1
...
un

















,

která vede na exaktně zlinearizovaný systém








ẋ1
...
ẋn









=









xn+1,
...

x2n,









,









ẋn+1
...
ẋ2n









= v =









v1
...
vn









. (20)
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Exaktńı linearizaci je pak možné použ́ıt k návrhu ř́ızeńı
následovně. Regulátor v = v(x) v systému (20) vede na
regulátor pro původńı mechanický systém:

u(x) = D(q)v(x) + C(q, q̇)q̇ +G(q),
x = (q1, . . . , qn, q̇1, . . . , q̇n)

⊤,
(21)

V robotice “computed torque”, nebo-li p̌redvypočtený
moment
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4-linku
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x

y

q1

q2

τ2

m m

l l

Obrázek 4: Acrobot.
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systémy
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Model Acrobota źıskáme pomoćı Lagrangeho metody, tj.
sestroj́ıme Lagrangián L(q, q̇) = K−V = 1

2
q̇TD(q)q̇−V (q),





d
dt

∂L
∂q̇1

− ∂L
∂q1

d
dt

∂L
∂q̇2

− ∂L
∂q2



 = u =

[

0
τ2

]

,

D(q)q̈ + C(q, q̇)q̇ +G(q) = u =

[

0
τ2

]

,

kde D(q) je matice setrvačnosti, C(q, q̇)q̇ jsou Coriolisovy a
odsťredivé śıly, G(q) jsou gravitačńı śıly a u jsou vněǰśı ř́ıd́ıćı
momenty. Pro kráčej́ıćı roboty plat́ı důležitý princip
kinetické symetrie vzhledem ke q1, tj. D(q) ≡ D(q2).
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D(q) =

[

2θ1 − 2θ2 + 2θ3 cos q2 θ1 − 2θ2 + θ3 cos q2
θ1 − 2θ2 + θ3 cos q2 θ1

]

C(q, q̇) =

[

−2θ3 sin q2q̇2 −θ3 sin q2q̇2
θ3 sin q2q̇1 0

]

G(q) =

[

−θ4 sin q1 − θ5 sin (q1 + q2)
−θ5 sin (q1 + q2)

]

θ1 = ml2 + I, θ2 = mlcl, θ3 = ml2, θ4 = mgl, θ5 = mgl.
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řetězce 4 článk̊u
Matice setrvačnosti
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H(q, σ) = V (q) +
1

2
σ⊤D(q)−1σ, q = (q1, q2)

⊤

D(q) = D(q2) =

[

d11(q2) d12(q2)
d12(q2) d22(q2)

]

σ = (σ1, σ2)
⊤ = (Lq1 ,Lq2)

⊤ = D(q)(q̇1, q̇2)

q̇1 =
∂H(q, σ)

∂σ1
=

d22(q2)σ1 − d12(q2)σ2
d11(q2)d22(q2)− d12(q2)2

q̇2 =
∂H(q, σ)

∂σ2
=

d11(q2)σ1 − d12(q2)σ2
d11(q2)d22(q2)− d12(q2)2

σ̇1 = −
∂H(q, σ)

∂q1

σ̇2 = −
∂H(q, σ)

∂q2
+ τ2.
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Podaktuované
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řetězce 2 článk̊u
Hamiltonovský popis
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Odvodili jsme tedy Hamiltonovský popis dynamiky

modelu Acrobot:

q̇1 =
d22(q2)σ1 − d12(q2)σ2

d11(q2)d22(q2)− d12(q2)2
(22)

q̇2 =
d11(q2)σ1 − d12(q2)σ2

d11(q2)d22(q2)− d12(q2)2
(23)

σ̇1 = −G1(q) (24)

σ̇2 = −G2(q) +
1

2
σ⊤

∂D(q2)
−1

∂q2
σ + τ2. (25)
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Hamiltonovský popis pak lze v p̌ŕıpadě modelu Acrobot
doplnit ještě zavedeńım daľśıch dvou soǔradnic p1(q), p2(q),
ḿısto zobecněných soǔradnic:

p1(q) = q1 +
∫ q2

0
d12(s)d

−1
11 (s)ds (26)

p2(q) = q1 +
∫ q2

0
d22(s)d

−1
12 (s)ds. (27)

Plat́ı

∂p

∂q
=

[

1 d12d
−1
11

1 d22d
−1
12

]

, det

[

∂p

∂q

]

d22d
−1
12 − d12d

−1
11 (28)

= d12d11detD(q) 6= 0 ⇔ d12(q2) 6= 0∧d11(q2) 6= 0.(29)
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Implicitně je jednoznačně definován i inverzńı vztah q(p) a
dostaneme:

ṗ1 = d−1
11 (q2)σ1 (30)

ṗ2 = d−1
12 (q2)σ2 (31)

σ̇1 = −G1(q) (32)

σ̇2 = −G2(q) +
1

2
σ⊤

∂D(q2)
−1

∂q2
σ + τ2, (33)

kde za q všude dosad́ıme ze zḿıněného inverzńıho vztahu
q = q(p). Popis (30-33) již neńı Hamiltonovský, p je sice
možné považovat za určité zobecněné soǔradnice, ale
zobecněné hybnosti σ jim neodpov́ıdaj́ı. Nicméně, popis
(30-33), p̌ŕıpadně jeho části, budou dále využ́ıvány.
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Model podaktuovaného řetězce 4 článk̊u
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x

y

q1

q2

−q3

q4

τ2

τ3

τ4

Obrázek 5: Kráčej́ıćı mechanismus typu 4-link.
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Rovnice

Stavový popis
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d
dt

∂L
∂q̇1

− ∂L
∂q1

...
d
dt

∂L
∂q̇4

− ∂L
∂q4









= u =











0
τ2
τ3
τ4











, (34)

u je opět vektorem zobecněných sil, kterými jsou opět
momenty jednotlivých akčńıch členů. Zobecněnými
soǔradnicemi jsou opět úhly, viz obr. 5. Lagrangeovy rovnice
(34) vedou pomoćı standardńıch výpočt̊u k popisu

D(q2, q3, q4)q̈ + C(q, q̇)q̇ +G(q) = u, (35)

kde D(q2, q3, q4) je matice setrvačnosti, q1 je opět cyklickou
soǔradnićı, C(q, q̇) je matićı Coriolisových a odsťredivých sil,
G(q) je vektorem gravitačńıch sil.
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D(q)=











d11 d12 d13 d14
d21 d22 d23 d24
d31 d32 d33 d34
d41 d42 d43 d44











, C(q, q̇)=











C1

C2

C3

C4











, G(q)=











G1

G2

G3

G4











,

d11 = (I1 + I2 + I3 + I4 + l21m2 + l21m3 + l21m4

+ l22m3 + l22m4 + l23m4 + l2c1m1

+ l2c2m2 + l2c3m3 + l2c4m4 − 2l1l3m4 cos(q2 + q3)

− 2l1lc3m3 cos(q2 + q3)− 2l2lc4m4 cos(q2 + q4)

+ 2l1l2m3 sin(q3) + 2l1l2m4 sin(q3) + 2l2l3m4 sin(q2) + 2l1lc2m2 sin(q3)

+ 2l2lc3m3 sin(q2) + 2l3lc4m4 sin(q4)− 2l1lc4m4 sin(q2 + q3 + q4))

d12 = (I3 + I4 + l23m4 + l2c3m3 + l2c4m4

− l1l3m4 cos(q2 + q3)− l1lc3m3 cos(q2 + q3)

− l2lc4m4 cos(q2 + q4) + l2l3m4 sin(q2) + l2lc3m3 sin(q2)

+ 2l3lc4m4 sin(q4)− l1lc4m4 sin(q2 + q3 + q4))
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a gravitačńı členy
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d13 = (I2 + I3 + I4 + l2
2
m3 + l2

2
m4 + l2

3
m4 + l2

c2
m2 + l2

c3
m3 + l2

c4
m4−

l1l3m4 cos(q2 + q3)− l1lc3m3 cos(q2 + q3)− 2l2lc4m4 cos(q2 + q4)+
l1l2m3 sin(q3) + l1l2m4 sin(q3) + 2l2l3m4 sin(q2) + l1lc2m2 sin(q3)+
2l2lc3m3 sin(q2) + 2l3lc4m4 sin(q4)− l1lc4m4 sin(q2 + q3 + q4))

d14 = (I4 + l2
c4
m4 − l2lc4m4 cos(q2 + q4)+

l3lc4m4 sin(q4)− l1lc4m4 sin(q2 + q3 + q4))

d22 = (m4l
2
3
+ 2m4 sin(q4)l3lc4 +m3l

2
c3

+m4l
2
c4

+ I3 + I4)

d23 = (m4l
2
3
+ 2m4 sin(q4)l3lc4 + l2m4 sin(q2)l3 +m3l

2
c3

+ l2m3 sin(q2)lc3+
m4l

2
c4

− l2m4 cos(q2 + q4)lc4 + I3 + I4)

d24 = (m4l
2
c4

+ l3m4 sin(q4)lc4 + I4)

d33 = (I2 + I3 + I4 + l2
2
m3 + l2

2
m4 + l2

3
m4+

l2
c2
m2 + l2

c3
m3 + l2

c4
m4 − 2l2lc4m4 cos(q2 + q4) + 2l2l3m4 sin(q2)+

2l2lc3m3 sin(q2) + 2l3lc4m4 sin(q4))

d34 = (I4 + l2
c4
m4 − l2lc4m4 cos(q2 + q4) + l3lc4m4 sin(q4))

d44 = (m4l
2
c4

+ I4)
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mechanických
systémů
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G1 = −glc4m4 sin(q1 + q2 + q3 + q4)− gl2m3 sin(q1 + q3)− gl2m4 sin(q1 + q3)
−glc2m2 sin(q1 + q3)− gl1m2 sin(q1)− gl1m3 sin(q1)− gl1m4 sin(q1)−
glc1m1 sin(q1)− gl3m4 sin(q1 + q2 + q3)− glc3m3 sin(q1 + q2 + q3)

G2 = −glc4m4 sin(q1 + q2 + q3 + q4)− gl3m4 sin(q1 + q2 + q3)
−glc3m3 sin(q1 + q2 + q3)

G3 = −glc4m4 sin(q1 + q2 + q3 + q4)− gl2m3 sin(q1 + q3)−
gl2m4 sin(q1 + q3)− glc2m2 sin(q1 + q3)
−gl3m4 sin(q1 + q2 + q3)− glc3m3 sin(q1 + q2 + q3)

G4 = −glc4m4 sin(q1 + q2 + q3 + q4).

Také 4-link má virtuálńı výstup s relativńım stupněm 3:

σ̇1 = −G1(q1, q2, q3, q4).
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robot̊u

52 / 78

Obrázek 6: Acrobot

x = (q1, q2, q̇1, q̇2)
T , q = (q1, q2)

T ,

q̇ = (q̇1, q̇2)
T , u = (0, τ)T , y = (q1, q̇1, q2) .

x1 = lc1 sin (q1), y1 = lc1 cos (q1)

x2 = l1 sin (q1) + lc2 sin (q1 + q2)

y2 = l1 cos (q1) + lc2 cos (q1 + q2)
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T1 =
1

2
m1

(

d2X1

dt2
+

d2Y1

dt2

)

=
1

2

(

m1l
2
c1
+ I1

)

q̇21

T2 =
1

2
m2

(

d2X2

dt2
+

d2Y2

dt2

)

=
1

2

(

m2

(

l21 + l2c2 + 2l1lc2 cos (q2)
)

+ I2

)

q̇21 +
1

2

(

m2l
2
c2
+ I2

)

q̇22

+ 2
(

m2l
2
c2
+ I2 +m2l1lc2 cos (q2)

)

q̇1q̇2

V1 = m1g (lc1 cos (q1)) , V2 = m2g(l1 cos (q1) + lc2 cos (q1 + q2))

θ1 = m1l
2
c1 + I1 +m2l

2
1, θ2 = m2l

2
c2 + I2,

θ3 = m2l1lc2, θ4 = m1lc1 +m2l1, θ5 = m2lc2,
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D(q)q̈+C(q, q̇)q̇+G(q) = [0, τ1]
T

D =

[

θ1 + θ2 + 2θ3 cos (q2); θ2 + θ3 cos (q2)
θ2 + θ3 cos (q2); θ2

]

,

C =

[

−2θ3 sin (q2)q̇2; −θ3 sin (q2)q̇2
θ3 sin (q2)q̇1; 0

]

,

G =

[

−θ4g sin (q1)− θ5g sin (q1 + q2)
−θ5g sin (q1 + q2)

]

.

θ1 = m(l2c + l2) + I, θ2 = mlcl, θ3 = ml(l − lc),
θ4 = mg(l + lc), θ5 = mg(l − lc).
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Neukotvený Acrobot se 4 stupni volnosti:
qe = [q1, q2, z1, z2]. Spolu s vektorem zobecněných rychlost́ı
q̇e = [q̇1, q̇2, ż1, ż2] můžeme sestavit následuj́ıćı rozš́ı̌rený vektor
stavových soǔradnic xe = [qe, q̇e].

Obrázek 7: Neukotvený Acrobot.
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Opět se snaž́ıme odvodit rovnice ve tvaru:

De(qe)q̈e +Ce(qe, q̇e)q̇e +Ge(qe) = [0, τ, 0, 0]T (36)

Kartézské soǔradnice hmotného sťredu jsou

x1 = lc1 sin (q1) + z1

y1 = lc1 cos (q1) + z2

x2 = l1 sin (q1) + lc2 sin (q1 + q2) + z1

y2 = l1 cos (q1) + lc2 cos (q1 + q2) + z2,

a proto kinetické a potenciálńı energie jednotlivých článk̊u
jsou T1, T2 a V1, V2:
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T1 =
1

2
m1

(

d2X1

dt2
+

d2Y1

dt2

)

=
1

2
m1

(

l2c1 q̇
2
1 + 2lc1 cos (q1)q̇1ż1 +

− 2lc1 sin (q1)q̇1ż2 + ż1 + ż2

)

+
1

2
I1q̇

2
1

T2 =
1

2
m2

(

d2X2

dt2
+

d2Y2

dt2

)

=
1

2

(

m2

(

l21 + l2c2 + 2l1lc2 cos (q2)

)

q̇21 +

+ I2q̇
2
1 +

(

m2l
2
c2

+ I2

)

q̇22 +m2ż1 +m2ż2

)

+

(

m2l
2
c2

+ I2 +

+m2l1lc2 cos (q2)

)

q̇1q̇2 +m2(lc2 cos (q1 + q2) +

+ l1 cos (q1))q̇1ż1 −m2(l1 sin (q1) + lc2 sin (q1 + q2))q̇1ż2 +

+m2lc2 cos (q1 + q2)q̇2ż1 −m2lc2 sin (q1 + q2)q̇2ż2

V1 = m1g (lc1 cos (q1) + z2) , V2 = m2g(l1 cos (q1) + lc2 cos (q1 + q2) + z2).
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Acrobot: odvozeńı dopadového zobrazeńı

Modelováńı
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systémy
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D11
e = m1l

2
c1

+m2

(

l1 + l21

)

+ I1 + I2 + 2m2l1lc2 cos (q2)

D12
e = m2lc2 (lc2 + l1 cos (q2)) + I2

D13
e = m1lc1 cos (q1) +m2l1 cos (q1) +m2lc2 cos (q1 + q2)

D14
e = −m1lc1 sin (q1)−m2lc2 sin (q1 + q2)−m2l1 sin (q1)

D21
e = m2lc2 (lc2 + l1 cos (q2)) + I2, D22 = m2l

2
c2

+ I2,

D23
e = m2lc2 cos (q1 + q2), D24 = −m2lc2 sin (q1 + q2)

D31
e = m2 (l1 cos (q1) + lc2 cos (q1 + q2)) +m1lc1 cos (q1)

D32
e = m2lc2 cos (q1 + q2), D33 = m1 +m2, D34 = 0

D41
e = −m1lc1 sin (q1)−m2 (l1 sin (q1) + lc2 sin (q1 + q2))

D42
e = −m2lc2 sin (q1 + q2), D43 = 0, D44 = (m1 +m2)

C11
e = −2m2l1lc2 sin (q2)q̇2, C12 = −m2l1lc2 sin (q2)q̇2, C13 = 0,

C14
e = 0, C21 = m2l1lc2 sin (q2)q̇1, C22 = 0, C23 = 0, C24 = 0

C31
e = (−m1lc1 sin (q1)−m2lc2 sin (q1 + q2)−m2l1 sin (q1))q̇1 +

− 2m2lc2 sin q1 + q2q̇2

C32
e = −m2lc2 sin (q1 + q2)q̇2, C33 = 0, C34 = 0

C41
e = (−m1lc1 cos (q1)−m2lc2 cos (q1 + q2)−m2l1 cos (q1))q̇1

− 2m2lc2 cos q1 + q2q̇2

C42
e = −m2lc2 cos (q1 + q2)q̇2, C43 = 0, C44 = 0,

G1
e = −m1glc1 sin (q1)−m2gl1 sin (q1)−m2glc2 sin (q1 + q2)

G2
e = −m2glc2 sin (q1 + q2), G3

e = 0, G4
e = m1g +m2g.
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mechanických
systémů
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De(qe)q̈e +Ce(qe, q̇e)q̇e +Ge(qe) = Bτ + δFext

De(qe)
(

q̇+e − q̇−e

)

= Fext

Fext =
∫ t+

t− δF ext(τ)dτ

Υ =

[

z1 + l1 sin (q1) + l2 sin (q1 + q2)
z2 + l1 cos (q1) + l2 cos (q1 + q2)

]

(37)

Fext = −ET

[

FT

FN

]

, (38)
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E =
∂Υ

∂qe
=

[

l1 cos (q1) + l2 cos (q1 + q2), l2 cos (q1 + q2), 1, 0
−l1 sin (q1)− l2 sin (q1 + q2), −l2 sin (q1 + q2), 0, 1

]

.

Eq̇+e = 0. (39)

[

De ET

E 0

] [

q̇+e
F

]

=

[

Deq̇
−
e

0

]

(40)

q̇+e =
[

I4 +D−1
e ET

[

ED−1
e ET

]−1
E

]−1

q̇−e .
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systémy
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q̃+1 = q−1 + q−2 − π, q̃+2 = −q−2

˙̃q
+

1 = q̇+1 + q̇+2 ,
˙̃q
+

2 = −q̇+2 .

qe = [q1, q2, z1, z2], q̇e = [q̇1, q̇2, ż1, ż2].

x

y

q1

q2

τ2

m1

m2

l1 l2
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omezeńı
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mechanických
systémů
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Model pomoćı Euler-Lagrangeho rovnic




d
dt

∂L
∂q̇1

− ∂L
∂q1

d
dt

∂L
∂q̇n

− ∂L
∂qn



 = u =

[

0
τ2

]

,

D(q)q̈ + C(q, q̇)q̇ +G(q) = u,

D(q) matice setrvačnosti, C(q, q̇)q̇ Coriolisovy a odsťredivé
śıly, G(q) gravitačńı śıly, u vněǰśı ř́ıd́ıćı momenty. Kráčej́ıćı
roboti: princip kinetické symetrie vzhledem ke q1, tj.
D(q) ≡ D(q2), jinými slovy, kinetická energie nezáviśı na q1.
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Modelováńı
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Zobecnělý moment σ = ∂L
∂q̇1

= d11(q2)q̇1 + d12(q2)q̇2.

D́ıky shodě neaktuované proměnné s proměnnou kinetické
symetrie plat́ı

σ̇ = ∂L
∂q1

= − ∂V
∂q1

= G1(q).

Zobecnělý moment má v p̌ŕıpadě modelu Acrobot tvar

σ = ∂L
∂q̇1

= (θ1 + θ2 + 2θ3 cos q2)q̇1 + (θ2 + θ3 cos q2)q̇2

Daľśı proměnnou s relativńım stupněm 3 je

p = q1+
q2

2
+

2θ2 − θ1 − θ2
√

(θ1 + θ2)2 − 4θ23
arctan





√

θ1 + θ2 − 2θ3
θ1 + θ2 + 2θ3

tan
q2

2
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Plat́ı ṗ = d−1
11 σ, a proto transformace

T : ξ1 = p, ξ2 = σ, ξ3 = σ̇, ξ4 = σ̈

vede na novou reprezentaci dynamiky pro Acrobot

ξ̇1 = d−1
11 (q2) ξ2, ξ̇2 = ξ3, ξ̇3 = ξ4, ξ̇4 = α(q, q̇)τ2+β(q, q̇) = w

Ke sledováńı navrhneme referenčńı trajektorii:

ξ̇r1 = d−1
11 (q

r
2) ξ

r
2, ξ̇

r
2 = ξr3, ξ̇

r
3 = ξr4, ξ̇

r
4 = wr = 0,

tzv. pseudo-pasivńı trajektorii.
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linearizace řádu 3
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Máme-li referenčńı trajektorii, potom jej́ıho exponenciálně
stabilńıho sledováńı dosáhneme následovně. Označme
e := ξ − ξr, potom

ė1 = d−1
11 (φ2(ξ1, ξ3))ξ2 − d−1

11 (φ2(ξ
r
1, ξ

r
3))ξ

r
2

ė2 = e3, ė3 = e4, ė4 = w − wr.

ė1 = µ1(t)e1 + µ2(t)e2 + µ3(t)e3 + o(e)

ė2 = e3, ė3 = e4, ė4 = w − wr

Nyńı zbývá navrhnout zpětnou vazbu
w = wr +K1e1 +K2e2 +K3e3 +K4e4, která stabilizuje
tuto chybovou dynamiku. K tomu byla vyvinuta celá řada
metod návrhu ześıleńı K1, K2, K3, K4.
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Nejpre vybereme sadu funkćı, které urč́ı závislosti úhl̊u q2, q3
a q4 na úhlu q1. Jinými slovy, úhel q2 je dán funkćı
q2 = Φ2(q1), úhel q3 funkćı q3 = Φ3(q1) a úhel q4 funkćı
q4 = Φ4(q1). Vyjáďŕıme časové derivace

q̇2 = Φ′
2q̇1, q̈2 = Φ′′

2 q̇
2
1 + Φ′

2q̈1,

q̇3 = Φ′
3q̇1, q̈3 = Φ′′

3 q̇
2
1 + Φ′

3q̈1,

q̇4 = Φ′
4q̇1, q̈4 = Φ′′

4 q̇
2
1 + Φ′

4q̈1.

Dále si zavedeme proměnné q2, q3, q4

q2 = q2 − Φ2, q̇2 = q̇2 − Φ′
2q̇1,

q3 = q3 − Φ3, q̇3 = q̇3 − Φ′
3q̇1,

q4 = q4 − Φ4, q̇4 = q̇4 − Φ′
4q̇1.
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Podaktuované
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68 / 78

q̈2 = τ 2 = −k21q2 − k22 q̇2,

q̈3 = τ 3 = −k31q3 − k32 q̇3,

q̈4 = τ 4 = −k41q4 − k42 q̇4.

(41)

Z definice nových vstupů τ 2, τ 3, τ 4 máme očividně

τ 2 = q̈2 − Φ′′
2 q̇

2
1 − Φ′

2q̈1,

τ 3 = q̈3 − Φ′′
3 q̇

2
1 − Φ′

3q̈1,

τ 4 = q̈4 − Φ′′
4 q̇

2
1 − Φ′

4q̈1.

(42)

Dosazeńım máme [q̈2 q̈3 q̈4]
T jako







q̈2
q̈3
q̈4





 =







−k21q2 − k22 q̇2
−k31q3 − k32 q̇3
−k41q4 − k42 q̇4





+







Φ′′
2

Φ′′
3

Φ′′
4





 q̇21+







Φ′
2

Φ′
3

Φ′
4





 q̈1.(43)
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Kráčej́ıćı roboti
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Vektorová pohybová rovnice 4-linku (35) se skládá ze 4
skalárńıch rovnic, prvńı vypadá následovně

d11q̈1+[d12 d13 d14]







q̈2
q̈3
q̈4





+C1(q, q̇)q̇+G1(q) = 0,(44)

q̈1 = −






d11 +







d12
d13
d14







T 





Φ′
2

Φ′
3

Φ′
4













−1 











d12
d13
d14







T 





Φ′′
2

Φ′′
3

Φ′′
4






q̇21+







d12
d13
d14







T





−k21q2 − k22 q̇2
−k31q3 − k32 q̇3
−k41q4 − k42 q̇4






+ C1











q̇1
q̇2
q̇3
q̇4











+G1(q)











.
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τ2
τ3
τ4





=







d21
d31
d41





 q̈1 +D22







q̈2
q̈3
q̈4





+







C2(q, q̇)
C3(q, q̇)
C4(q, q̇)





 q̇+







G2(q)
G3(q)
G4(q)





 ,

D22 =







d22 d23 d24
d32 d33 d34
d42 d43 d44





 ,

C2,3,4(q, q̇) jsou p̌ŕıslušné řádky matice C(q, q̇) a G2,3,4(q)
jsou p̌ŕıslušné skalárńı prvky sloupcového vektoru G(q).
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Kráčej́ıćı roboti
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τ2
τ3
τ4





=







d21
d31
d41





 q̈1 +D22







−k21q2 − k22 q̇2
−k31q3 − k32 q̇3
−k41q4 − k42 q̇4





+D22







Φ′′
2

Φ′′
3

Φ′′
4





 q̇21+

D22







Φ′
2

Φ′
3

Φ′
4





 q̈1+







C2(q, q̇)
C3(q, q̇)
C4(q, q̇)

















q̇1
q̇2
q̇3
q̇4











+







G2(q)
G3(q)
G4(q)





 ,

kde za úhlové zrychleńı q̈1 je ťreba ještě dosadit z ďŕıve
odvozeného vztahu.
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ξ5 = q3 − Φ3(q2), ξ6 = q̇3 − Φ
′

3(q2)q̇2,

ξ7 = q4 − Φ4(q2), ξ8 = q̇4 − Φ
′

4(q2)q̇2.

ξ̇5 = ξ6, ξ̇6 = w3,

w3 = −K1
3ξ5 −K2

3ξ6.

ξ̇7 = ξ8, ξ̇8 = w4,

w4 = −K1
4ξ7 −K2

4ξ8.



INVESTICE DO ROZVOJE VZDĚLÁVÁŃI
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73 / 78

w =







w2

w3

w4






= β(q)







q̈2
q̈3
q̈4






+ α(q, q̇), (45)

β(q)=









−∂G1

∂q1

d12
d11

+ ∂G1

∂q2
−∂G1

∂q1

d13
d11

+ ∂G1

∂q3
−∂G1

∂q1

d14
d11

+ ∂G1

∂q4

−Φ
′

3(q2) 1 0

−Φ
′

4(q2) 0 1









α(q, q̇) =









−∂G1

∂q1

(

C1(q,q̇)
d11

q̇ + G1(q)
d11

)

+ ∂2G1(q)
∂q2

q̇2

−Φ
′′

3(q2)q̇
2
2

−Φ
′′

4(q2)q̇
2
2,
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4-link: 2 virtuálńı omezeńı
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D(q)







q̈2
q̈3
q̈4





 =







τ2
τ3
τ4





− C(q, q̇)











q̇1
q̇2
q̇3
q̇4











−G(q),

D =







d22 −
d21d12
d11

d23 −
d21d13
d11

d24 −
d21d14
d11

d32 −
d31d12
d11

d33 −
d31d13
d11

d34 −
d31d14
d11

d42 −
d41d12
d11

d43 −
d41d13
d11

d44 −
d41d14
d11





 ,

C =







C2 − C1 d21
d11

C3 − C1 d31
d11

C4 − C1 d41
d11





 , G =







G2 −G1
d21
d11

G3 −G1
d31
d11

G4 −G1
d41
d11





 .
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τ2
τ3
τ4





 = D(q)β−1(q) (w − α(q, q̇)) + C(q, q̇)q̇ +G(q).

Vektor w = [w2, w3, w4]
T obsahuje konkrétńı zpětnovazebné

regulátory pro úhly q2, q3 a q4. Úhel q2 je ř́ızen pomoćı
výsledného vnǒreného zobecněného Acrobota, zat́ımco úhly
q3 a q4 jsou ř́ızeny metodou virtuálńıch omezeńı.
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Porovnáńı 2 a 3
omezeńı
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Φ3(q2) = 16 bstance
(q2 − q20)

2(q2 − q2T )
2

(−q20 + q2T )
4

+ q30 ,

Φ4(q2) = 16 bswing
(q2 − q20)

2(q2 − q2T )
2

(−q20 + q2T )
4

+ q40 ,
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Obrázek 8: Porovnáńı úhl̊u.
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Obrázek 9: Porovnáńı úhlových rychlost́ı.

Metoda dvou omezeńı umožňuje i konvergenci chyby
sledováńı během jednoho kroku.
Metoda ťŕı omezeńı konverguje pouze hybridně, vyžaduje
nalezeńı vhodné tzv. hybridńı nulové dynamiky.
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pomoćı linearizace
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78 / 78

Obrázek 10: Animace chůze. Tečkovaně, resp. plně, jsou
znázorněny výsledky metody dvou, resp. ťŕı, omezeńı.
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